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A method is presented by which measured modes and frequencies from a modal test can be used to determine
the location and magnitude of damage in a space truss structure. The damage is located by computing the Euclid-
ean distances between the measured mode shapes and the best achievable eigenvectors. The best achievable
eigenvectors are the projection of the measured mode shapes onto the subspace defined by the refined analytical
model of the structure and the measured frequencies. Loss of both stiffness and mass properties can be located
and quantified. To examine the performance of the method when experimentally measured modes are employed,
various damage detection studies using a laboratory eight-bay truss structure were conducted. The method per-
forms well even though the measurement errors inevitably make the damage location more difficult.

Introduction

FUTURE structures in space will be orders of magnitude larger
and more complex than their predecessors. Structures such as

Space Station Freedom will typically be built around a large flexi-
ble frame and consist of habitation and experiment modules, flexi-
ble and articulating appendages, and numerous utility trays and
pay loads. Along with the need to design the spacecraft to be light-
weight, strong, and modular for ease of expansion, repair, and
modification, the complexity and size of these structures require
that the integrity of the structures be monitored periodically.

Several researchers have studied the possibility of detecting
damage or structural anomalies to large space trusses and locating
the site of this damage based on changes in the natural frequencies
and mode shapes of the structures. References 1 and 2 provide a
comprehensive overview of many of the proposed methods in this
respect and the issues involved with on-orbit modal identification
and structural verification. There are several distinct classes of
model improvement/damage location methods. Each of these
methods begins with an initial finite element representation of the
structure. In the case of model improvement, the goal is to use test
data of the actual structure to modify this initial finite element
model so that it may serve as an accurate representation of the un-
damaged structure. In the case of damage location, the goal is to
use test data from the damaged structure and the updated/corre-
lated finite element model of the undamaged structure to deter-
mine changes to the stiffness and/or mass matrices that would ac-
count for the observed differences in the measured modes and
frequencies.

The class of update methods that has been explored most widely
is known as optimal matrix modification. The goal of the optimal
matrix modification is to find an updated matrix (stiffness and/or
mass) that is as close as possible to the original matrix (assumed to
be almost correct) that accurately produces the measured modes
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and frequencies. Brock3 introduced the framework that has been
used in these methods in 1968. Baruch4 and Berman and Nagy5

followed with update methods based on Brock's work. Kabe6 was
the first to develop a method that imposed a constraint on permis-
sible load paths, greatly improving the performance in obtaining
physically realizable matrix updates. Smith and Hendricks7 used
Kabe's method to develop a strategy for on-orbit damage location
in truss structures. Kammer8 later reformulated and improved on
the computational efficiency of Kabe's method. Smith and
Beattie9 introduced a class of secant method updates and showed
that many of the previously referenced methods could be cast in
this way. These new developments have improved the usefulness
of optimal update methods to the point where they can be consid-
ered viable tools for practical model improvement and damage
location.

Sensitivity-based update methods have been widely used in in-
dustry for performing test/analysis correlation and finite element
model improvement. These methods start with the derivatives of
the eigenvalue and/or eigenvectors to changes in material and
physical parameters. These sensitivity coefficients are then used to
calculate changes in the parameters that would force the analysis
frequencies and modes to match those measured in a test.10 Vari-
ous optimization techniques can be used to converge on near-opti-
mal solutions. Sensitivity-based update methods have been
incorporated in several commercially available analysis tools such
as MSC/NASTRAN.11 These methods generally require consider-
able computational expense.

The newest class of model improvement/damage location meth-
ods are those based on eigenstructure assignment techniques. Con-
trol system designers have traditionally used such techniques to
force a structure to respond in a predetermined way. That is, the
eigenstructure—eigenvalues and eigenvectors—of the structure
can be tailored to suit a given purpose. Andry et al.12 present an
excellent overview of eigenstructure assignment theory and appli-
cations. For model improvement and damage location, the desired
eigenstructure is the one that is measured in the test. Inman and
Minas13 and Zimmerman and Widengren14 have derived methods
that determine the pseudo (fictitious) controller which would be
required to produce the test data. The control gains and forces can
then be translated into matrix adjustments applied to the initial
finite element model. However, these methods are formulated in
terms of control systems theory and may not be directly useful to
the structural dynamicist. Zimmerman and Kaouk present a
method15 which is similar in concept to the method presented in
this paper. In order to locate the damaged structural element, Zim-
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merman and Kaouk's method identifies matrix coefficient changes
due to damage and thus requires an additional step of identifying
structural members corresponding to the changes. This additional
step will not be straightforward for complicated structures because
several structural members can contribute to the stiffness coeffi-
cient change at a given degree of freedom (DOF).

In this paper, using the concept of best achievable eigenvectors,
a method is developed by which measured modes and frequencies
can be used to determine both the location and magnitude of dam-
age in truss structures. Instead of identifying matrix coefficient
changes, this method identifies directly damaged structural ele-
ments. Thus, the additional step of identifying damaged members
from the matrix coefficient changes is avoided. In the theoretical
development that follows, damage is assumed to be due to the loss
of stiffness and, in some cases, the loss of mass, of one or more
members. It is assumed that the damping characteristics of the
structure are not affected due to damage. Thus, damping terms are
ignored in the development. To deal with the measurement error of
modal test data, a concept of filtering test mode shapes using the
refined analytical model and test frequencies is presented. To eval-
uate the capability of the method and to demonstrate the damage
detection procedure, the method is applied to damage detection of
a laboratory eight-bay space truss structure with measured test
data.

Theoretical Development
The equations of motion for an «-DOF structural dynamic sys-

tem can be expressed as

Mx + Kx = f ( t ) (1)

where M and K are n X n system mass and stiffness matrices, re-
spectively, and x and/(0 are n X 1 physical displacement and ap-
plied load vectors, respectively. The eigenvalue equation associ-
ated with Eq. (1) is

(2)

where O is an n X r system modal matrix containing r mode
shapes and A is a diagonal matrix containing r system eigenvalues.
The system stiffness and mass matrices can be represented as a
sum of the element stiffness and mass matrices, respectively,

* = IX

M =

(3)

(4)

where Kt and Mi are the element stiffness and mass matrices and
p and q are the total number of stiffness and mass element matri-
ces, respectively.

When damage has occurred in the structure, the system matrices
of the damaged structure can be represented as the sum of the orig-
inal system matrices and each of the element matrices multiplied
by a reduction factor

the undamaged structure, and af and bl are the /th stiffness and
mass reduction factors, respectively. Let ak and bk correspond to
element k. If element k is undamaged, both have values of zero. If
element k has been completely removed then have ak and bk values
of — 1. Values in between represent partial damage to the member.
Note that ak and bk do not have to be equal. In fact, a member can
lose all of its load-carrying capacity but retain most of its mass. In
addition, there may be some large masses on a structure that do not
contribute to the stiffness or load path and are modeled simply as
lumped masses. Loss of such a member does not detract from the
stiffness matrix but could represent a substantial loss from the sys-
tem mass matrix.

Identification of the Location of Damage
Assume that a modal survey was performed on a damaged struc-

ture and r number of modes were found to be changed due to dam-
age. Substitute Eqs. (5) and (6) into the eigenvalue equation, Eq.
(2), along with the r number of test modes of the damaged struc-
ture. Rearrange to obtain

(7)

where the subscript t is used to denote the quantities obtained from
the test. Typically, the test mode shapes are available only at the
test DOFs where the transducers are placed for a modal test. In this
case, eigenvector expansion algorithms5'16 can be employed to ex-
pand the mode shapes from the test DOFs to the finite element
DOFs. In this paper, it is assumed that the mode shapes at the finite
element DOFs have been made available either by expanding the
mode shapes at the test DOFs or by measuring the entire finite ele-
ment DOFs. For the jth test mode, the preceding equation can be
rewritten as

where
= («?tjMu-Ku) (9)

The quantities co^ and tytj are the measured y'th natural frequency
and mode shape of the damaged structure, respectively. Note that
Ej1 exists since co^ =£ a)7 due to damage. When the frequency
change due to damage is small, i.e., co,7 ~ coy, the matrix Ej can be
ill-conditioned. Therefore, even for the perfect modal test data, the
smallest damage that can be detected is limited by the numerical
conditioning of Ej. Among the test modes that can be used for
damage detection, the modes corresponding to the smallest condi-
tion number of Ej should be employed to improve the numerical
performance of the method. Define the following matrices

Ay = (10)

(11)

Equation (8) can now be expressed as

(5)

(6)

where Kd and Md are the stiffness and mass matrices of the dam-
aged structure, Ku and Mu are the stiffness and mass matrices of

(12)
1 = 1 / = i

Define a vector containing the reduction factors as

s = {Sl s2 ... s s l s 2 ... s }T

(13)
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The structural members that caused the changes in the jth mea-
sured mode are to be located. The changes in the mode could be
caused by damage at a single member or at multiple members. As-
sume, for the time being, that the damage is caused by a single
member. To locate the damaged single member, the influence of
the structural member damage corresponding to the kth reduction
factor sk(k= 1, ... ,p + q) on the y'th mode is examined. Consider
the kth reduction factor to obtain the fundamental equation of the
proposed damage location algorithm as

where

B ( k _ p } j

fork = 1, ..., p
f o r k = p+ 1, ...,p + q

j = sk^tj for £=!,...,/

(14)

(15)

(16)

The implication of Eq. (14) is of significant importance. Equation
(14) can only be true if the measured mode ̂  is a linear combina-
tion of the columns of Lkj. That is, tytj must lie in the subspace
spanned by the columns of Lkj. The implication of this statement is
that, if damage has been caused by the loss of stiffness or mass in
element k and this damage is reflected in mode 7 (i.e., mode j is dif-
ferent from the undamaged mode 7), then the vector tytj will lie pre-
cisely in the subspace spanned by the columns of Lkj. If, on the
other hand, damage is caused by an element other than element k
or this damage is not reflected in mode 7, §tj would not lie in the
subspace spanned by the columns ofLkj.

To evaluate whether or not the measured mode lies in the sub-
space spanned by the columns of Lkp we turn to the concept of the
best achievable eigenvectors12 which is used in the eigenstructure
assignment techniques. A new vector, which is as close as possible
to tytp can be computed as the projection of the measured mode
onto the subspace spanned by the nonzero columns of Lkj as
follows12

(17)

where Lkj is the matrix Lkj where the zero columns have been re-
moved to enhance computational efficiency, and the superscript +
indicates the pseudoinverse of a matrix. The vector tya

kj is defined
as the best achievable eigenvector for structural element k and
mode 7 and the matrix product provides an alternative means of
computing the subspace rotation as discussed in Ref. 15. The main
difference is that the method in Ref. 15 identifies those DOFs that
are affected by damage, whereas the method in this paper identi-
fies directly the structural element that is damaged. Hence, the pro-
posed method avoids the additional step of identifying damaged
structural members from the affected DOF information due to
damage, which can be cumbersome at times.

If the measured vector tytj already lies in the subspace, then fya
kj

and tytj will be identical. If the damage is caused by a different ele-
ment or the damage is not reflected in mode 7, the two vectors will
be different. If (j)^ is computed for all elements that could possibly
have caused the damage and the Euclidean distance between these
vectors and the corresponding measured modes is computed, the
damaged element will be indicated by (in the case of perfect data)
zero distance between the two vectors. All others will have non-
zero values. The distance between the two vectors can be com-
puted using the Frobenious norm

(18)

where \\-\\F represents the Frobenious norm. For a structure that
has e structural members that could possibly have caused the dam-

age and r measured modes, an e X r matrix of d's can be con-
structed as

du du

D = dk\ dk2 ' ' dkj ' dkr (19)

dej

If damage is located in element k and this damage affects only
mode 7 significantly so that the change in the frequency is measur-
able, then dkj will be equal or close to zero. All other coefficients
will be populated with nonzero entries. Therefore, the location of
damage can be identified by searching for a value that is consider-
ably smaller than others in the matrix.

Determining the Magnitude of Damage
Once the damaged elements or a number of suspected elements

have been identified from the examination described previously,
the extent of the damage can be determined by solving for the re-
duction factors sk. Assume that the magnitude of damage is to be
examined for p number of stiffness elements and q number of
mass elements with the r number of test modes. Equation (7) can
be written with only those elements as

(20)

where

R =

(21)

(22)

(23)

Define a vector containing the reduction factors corresponding to
the elements being examined as

s = {a, a2 ... ap b, b2 ... (24)

By equating each column of Eq. (20) and rearranging, we obtain

Ls = r (25)

where

L =

AH A2i ... Api Bn B2\

A 12 A 22 . . . Afr2 B\2 ^22

\r B2r . . .

r = {*[ R\ ... RT
r}J

'«d

(26)

(27)

The vectors A// and Btj represent theyth columns of matrices A/
and Bh respectively. The vector Rj is the y'th column of the matrix
R. The sizes of L and R are nr X(p + q) and nr X 1, respectively.
The reduction factors in Eq. (25) can be solved using a pseudo-
inverse solution as

s = L r (28)
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An accurate solution to the preceding equation is obtained when nr
> p + q and the matrix L is of full rank, i.e., rank (L) = p + q.
Therefore, whenever possible, the number of measured modes in-
corporated for the computation of the reduction factors must meet
the condition as

where

r> (29)

Detection of Multiple Damage
When there is more than one damaged element in the structure,

the examination of the matrices D in Eq. (19) may not provide a
clear indication of the damaged members. If the matrix D does not
indicate the damaged member clearly, it may imply that there are
multiple damaged members. To examine multiple damage, a se-
quential damage detection approach is proposed. In this approach,
damaged members are identified one at a time in an iterative pro-
cess. The first step of the approach is to select the single most
probable damaged member by examining the D matrix. Next, the
magnitude of damage of the member is computed using Eq. (28).
Then, the undamaged mass and/or stiffness matrices in Eq. (9) are
modified to reflect the element mass and/or stiffness matrix
changes corresponding to the member that has been located as
damaged. For instance, if strut k has been identified as a damaged
member and the corresponding stiffness reduction factor ak(-l <
ak < 0) is computed, the undamaged stiffness matrix will be modi-
fied as

= K, (30)

where the matrix K'u is the new undamaged stiffness matrix.
Then, the new undamaged mass and/or stiffness matrices are

used to compute the new best achievable eigenvectors in Eq. (17)
and a new D matrix in Eq. (19). Again, another single most proba-
ble damaged member is selected using the new D matrix. This iter-
ative process is continued until all the damaged members are lo-
cated. At the end of each iteration, the natural frequencies are
computed using the new undamaged matrices and compared with
those of measured frequencies. When the differences are small,
i.e., within the usual error bound of a modal test, the iteration ter-
minates. This comparison also can be used to ascertain whether the
selected member is indeed responsible for the damage. The eight-
bay truss example will illustrate how this approach is used to lo-
cate multiple damage.

Filtering of the Measured Mode Shapes
When the measured modes are accurate (i.e., free from noise,

bias, measurement errors, and nonlinearity effects), the magnitude
of damage can be obtained accurately using the measured modes
directly as described previously. However, the measured modes
are usually contaminated by noise, nonlinearity, and measurement
errors. When these noisy measured modes are used directly to
compute the magnitude of damage, unrealizable values of the re-
duction factors can be obtained, i.e., the values of the stiffness and
mass reduction factors do not lie between 0 and — 1. The concept of
the best achievable vectors can be utilized to filter the measured
mode shapes from the contamination.

Consider the p number of damaged stiffness element and q
number of damaged mass element that have been identified with
the r number of test modes. Then, Eq. (12) can be written as

(31)

Define a vector

Then Eq. (31) can be rearranged as

(32)

(33)

Lj = [A, . A2 , ... Ap, B2j ... (34)

Again, we see that the measured mode (|)r • must lie in the subspace
spanned by the columns of Lj. The best achievable eigenvector,
which is as close as possible to (|) ., can be computed as the projec-
tion of the measured mode onto the subspace spanned by the col-
umns of Lj as follows

(35)

The vector §t. is defined as the filtered eigenvector. Because the
subspace defined by the matrix Lj contains the information on the
analytical model and the measured frequencies, the information in
the measured mode shape which is not compatible with the analyt-
ical model will be filtered out. The effectiveness of using the ana-
lytical model as a means to filter the test mode shapes depends on
the degree of correlation of the analytical model to the test data of
the undamaged structure.

Define a filtered test mode shape matrix

(36)

Now the filtered mode shape matrix can be substituted in Eqs. (21-
23) to solve for the reduction factors in Eq. (24). The effect of fil-
tering the measured mode shapes will be examined using the eight-
bay laboratory space truss structure example that follows.

Damage Detection of Laboratory Eight-Bay Space Truss
The cantilevered, eight-bay laboratory space truss structure

shown in Fig. 1 is used as a damage location test bed at the NASA
Langley Research Center. Each bay of the truss is a cube with the
side dimension of 19.685 in. (0.5 m). Truss members (longerons,
battens, and diagonals) are connected through interchangeable
node balls. Detailed information on the test program and the test
bed are available in Ref. 17.

Five damage cases listed in Table 1 were examined. In damage
cases A through C, damage refers to the total removal of a single
strut. In case D, a previously buckled strut was inserted in place of
a longeron and damage case E has multiple member damage. Fig-
ure 2 shows the test configuration and the locations of struts that
were removed for each of the cases. The truss was instrumented
with three accelerometers at each node providing a full set of
translational mode shapes. Typically, modal tests have limited sets
of sensors and thus truncated mode shape vectors. Having a com-
plete characterization of the mode shapes is a tremendous asset for
this kind of work as it allows for a determination of the true effects
of measurement noise on a particular algorithm. Modal tests were
performed for the undamaged structure and each of the damage
cases. To evaluate the performance of the proposed method with
actual test data, analytical models were generated corresponding to
the undamaged structure and each of the damage cases. Table 2
shows the variation in natural frequencies for the first five modes
of the truss due to damage. Modes 1 and 2 are the first bending
modes. Mode 3 is the first torsional mode. Modes 4 and 5 are the
second bending modes.

Predetection Analysis
Assume that modal testing is performed to the truss structure pe-

riodically to monitor the health of the structure. The effort to detect
damage will normally be initiated when there is a change in the
test frequency which is greater than the usual error bound of the
modal testing. This error bound may vary significantly depending
on a particular modal testing environment. For this example, be-
cause the structure is placed in a controlled laboratory environ-
ment and the first five modes are considered, the error bound on
the frequency is assumed to be about ±2%. Damage detection ef-
fort will normally be initiated only if there is a frequency change
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Fig. 1 Eight-bay space truss test structure.

Cantilevered end Table 1 Damage cases investigated for the eight-bay truss

Fig. 2 Eight-bay truss damaged strut locations.

greater than the error bound among the first five modes. Under this
criterion, the damage cases B and D will be regarded as if there is
no damage even though damage exists. This is the inherent short-
coming of the damage detection approach using the measured
modes.

As was pointed out in Ref. 2, all 104 struts in the truss structure
cannot be monitored for damage because only the first five modes
are available and the measured modes contain errors. Using the
modal strain energy (MSE) information, the members for which
damage detection is feasible can be identified. The MSE for strut /
and mode j is defined as

MSE..(%) = 9 x lOO

Damage case
A
B
C
D
E

Damaged strut number
35 (Longeron)

36 (Batten)
102 (Diagonal)
35 (Longeron)

35 (Longeron) and 99 (Diagonal)

Damage condition
Strut out
Strut out
Strut out

Buckled strut
Strut out

o,
(37)

Considering each strut one at a time, the percent MSE contained in
a strut for a mode is approximately equivalent to the same percent
frequency change for that mode when the strut is damaged com-
pletely. For instance, if a strut contains 2% MSE for a mode, the
removal of the strut would bring about 2% frequency change for
the mode. As the frequency measurement error bound is assumed
at 2%, damage detection for the struts containing less than 2%
MSE will be difficult if not impossible. Also, from the numerical
conditioning perspective, the matrix Ej in Eq. (9) can be ill-condi-
tioned if a test mode corresponding to frequency change much less
than 2% is used for damage detection.

In this example, to be conservative, all struts that have more
than 1% MSE are included as candidates for damage detection.
Table 3 shows the MSE distribution among the first five modes.
All the struts that have more than 1 % MSE contribution for each
mode are listed. There are 50 struts containing more than 1 % MSE
among the 104 struts. Strut 36 (batten) does not have strain energy
over 1% among the first five modes. Therefore, among the damage
cases shown in Table 1, the damage case B corresponding to strut
36 damage is considered undetectable for practical purposes.

Damage Detection
The best achievable eigenvectors are computed for the struts

which contain over 1% of modal strain energy for each of the first
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five modes. Simulated test modes and actual laboratory test modes
are both used to compute the detection matrix D in Eq. (19). Ta-
bles 4 and 5 show the resulting Euclidean distances for damage
case A. Modes 2 and 5 are used in this case because they bring sig-
nificant natural frequency changes as shown in Table 2. For each
mode, only those struts that have more than 1% MSB were in-
cluded in the examination. By showing zero distance between the
analysis mode shape and the best achievable eigenvector, simu-
lated analysis data clearly indicate the damage location, strut 35,
for both modes 2 and 5. However, examination of the Euclidean
distances obtained using actual test data shown in Tables 4 and 5
indicates that there are possibilities of damage at strut 35, strut 27,
or both strut 35 and 37 because the distances at these locations are
consistently smaller than the others. Determination of the damaged
member(s) will not be made until the damage magnitudes are com-
puted for the suspicious damaged struts. As will be seen more for
other damage cases, a situation like this occurs frequently when
actual test data is used for damage detection.

To determine the damaged strut(s) for damage case A when the
actual test data is used, the following procedure is employed. As-

suming that either strut 35 or strut 27 is damaged, the magnitude of
damage is computed for strut 35 and strut 27 independently using
Eq. (28). The element stiffness matrix corresponding to the dam-
aged strut and modes 2 and 5 are incorporated to compute the mag-
nitude. The resulting magnitudes of damage are as follows: -1.00
for strut 35 and 18.29 for strut 27. This indicates that the damage
occurred at strut 35 and the magnitude is -1, i.e., complete loss of
stiffness. The analytical model modified to reflect the damage at
strut 35 closely produces the test frequencies for damage case A
shown in Table 2. Thus, the damage detection process is com-
pleted.

Simulated and filtered modes are also employed independently
to evaluate the magnitude of damage at strut 35. The filtered
modes are obtained using Eq. (35) along with the element stiffness
matrix corresponding to strut 35. The resulting magnitudes of
damage are included in Table 6 along with other damage cases.
Simulated modes produce the exact damage magnitude. Filtered
modes also produce accurate damage magnitude.

As discussed previously, damage case B is considered undetect-
able because it does not produce enough natural frequency

Table 2 Natural frequency variation due to damage (Hz)

Model Mode 2 Mode 3 Mode 4 Mode 5
Damage cases
Undamaged
A

B

C

D

E

Anal.
13.92
13.92

(0.00)a

13.92
(0.00)
13.27

(-4.67)
N/A

13.65
(-1.94)

Test
13.88
13.97
(0.65)
13.90
(0.14)
13.47

(-2.95)
13.83

(-0.36)
13.74

(-1.01)

Anal.
14.44
11.35

(-21.4)
14.44
(0.00)
14.24

(-1.39)
N/A

9.77
(-32.3)

Test

14.48
11.39

(-21.3)
14.52
(0.28)
14.12

(-2.49)
14.24

(-1.66)
9.86

(-31.9)

Anal
46.74
46.74
(0.00)
46.74
(0.00)
33.44

(-28.5)
N/A

34.68
(-25.8)

Anal.
48.41
48.53
(0.25)
48.53
(0.25)
35.65

(-26.4)
48.43
(0.04)
36.66

(-24.3)

Anal

66.01
66.01
(0.00)
65.90

(-0.17)
60.39

(-8.51)
N/A

64.32
(-2.56)

Anal.
64.03
64.50
(0.73)
64.31
(0.44)
60.18

(-6.01)
64.03
(0.00)
63.35

(-1.06)

Anal
71.14
61.04

(-14.2)
71.05

(-0.13)
68.87

(-3.19)
N/A

59.66
(-16.1)

Anal.

67.46
59.90

(-11.2)
67.54
(0.12)
65.86

(-2.37)
66.42

(-1.54)
58.86

(-12.7)
aNumbers in parentheses indicate percent frequency changes with respect to the undamaged analytical and test frequencies.

Table 3 Percent modal strain energy distribution among the first five modes2

Mode number Mode number

Strut ID
9
10
15
16
17
19
21
22
23
25
27
28
29
31
33
34
35
37
39
40
41
43
45
46
47

1
_a

-
-
-
-
-
2.7
2.7
-
-
-
-
2.7
2.7
9.4
9.4
-
-
-
-
9.4
9.4
-
-

21.0

2 3
-
-
1.2
1.2
-

6.0
-
-
1.2
1.2
5.9
5.9
-
-
-
-
5.9
5.9
15.7
15.7
-
-

15.7
15.7
-

4
3.0
3.0
-
-
3.3
3.3
8.2
8.2
-
_
.
_
8.3
8.3
1.2
1.2
-
-
-
-
1.2
1.2
-
-
8.2

5
-
-
7.4
7.4
-
-
-
-
7.7
7.7
4.8
4.8
-
-
-
-
4.8
4.8
1.9
1.9
-
-
2.0
2.0
-

Strut ID 1 2
49 21.0
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109

3
-
1.5
1.5
1.5
1.5
2.6
2.6
2.6
2.6
3.7
3.7
3.7
3.7
4.8
4.8
4.8
4.8
5.5
5.5
5.5
5.5
6.0
6.0
6.0
-

4
8.2
-
-
-
-
-
-
-
-
_
_
_
-
1.1
1.1
1.1
1.1
2.4
2.4
2.4
2.4
3.2
3.2
3.2
3.2

5
-
-
-
-
-
-
-
-
-
-
-
-
-
1.6
1.6
1.6
1.6
3.0
3.0
3.0
3.0
3.5
3.5
3.5
3.5

"-" indicates that the MSE contribution is less than 1%.
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changes. Damage case C produces significant natural frequency
changes for all five modes. The two largest frequency changes
occur at modes 3 and 4. Thus, modes 3 and 4 will be used to exam-
ine the damage. Tables 7 and 8 show the Euclidean distances com-
puted using simulated analysis modes and test modes. The dam-
aged strut is clearly located using analysis modes. Unlike case A,
the test modes also clearly indicate a single location of damage,
strut 102. As the location of the damage is identified, modes 3 and
4 are used to compute the magnitude for damage case C along with

Table 4 Results of damage case A
using mode 2

the element stiffness matrix corresponding to strut 102. Accurate
damage magnitudes are obtained regardless of whether simulated,
test, or filtered modes are used as summarized in Table 6.

Case D, the buckled strut case, shows marginal frequency
changes for modes 2 and 5. As discussed previously, the changes
in natural frequencies of less than 2% measurement error bound
will not be sufficient to initiate the damage detection process.
However, damage detection will be attempted here to show the im-

Table 7 Results of damage case C
using mode 3

Euclidean distances

Strut ID
15
16
23
25
27
28
35
37
39
40
45
46

Simulated
data
6.01
6.62
5.99
6.85
1.25
2.79
0.00
2.91
3.58
4.19
4.24
3.65

Test data
6.22
6.85
6.15
7.03
2.91
3.82
2.58
3.88
4.60
5.08
5.12
4.64

Table 5 Results of damage case A
using mode 5

Euclidean distances

Strut ID
15
16
23
25
27
28
35
37
39
40
45
46
98
99

100
101
102
103
104
105
106
107
108
109

Simulated
data
9.92

13.04
9.30

13.50
4.63

13.02
0.00

13.64
19.45
11.74
12.23
19.63
29.70
29.70
29.54
29.54
29.58
29.73
29.58
29.73
29.89
29.89
30.09
30.09

Test data
11.14
13.91
10.61
14.30
6.71

13.77
5.25

14.54
20.67
14.22
14.62
20.81
31.16
28.03
28.41
30.69
31.01
28.14
27.40
30.80
28.22
30.95
31.41
27.98

Table 6 Summary of damage detection results for the eight-bay truss

Damage magnitudes obtained using

Damage
case
A
B
C
D
E

Damaged struts
located

35
Unable to be located

102
Unable to be located

35 and 99

Simulated
modes
-1.00

-
-1.00

-
-1.00 and

-1.00

Test modes
-1.00

-
-1.01

-
-0.96 and

-0.99

Filtered
modes
-1.02

-
-0.99

-
-0.99 and

-0.99

Euclidean distances

Strut ID
19
86
87
88
89
90
91
92
93
94
95
96
97
98
99

100
101
102
103
104
105
106
107
108

Table 8

Simulated
data

32.67
25.28
22.69
23.20
19.86
20.73
20.71
20.03
20.10
15.74
19.14
19.51
21.93
10.73
19.30
18.92
24.17
0.00

19.51
19.60
25.87
20.83
26.66
9.92

Test data
32.72
23.82
21.07
21.12
17.80
19.44
19.34
18.45
18.27
14.79
17.60
18.18
20.28
10.47
18.31
17.50
22.58
3.09

18.13
18.55
24.33
19.44
25.13
9.62

Results of damage case C
using mode 4

Euclidean distances

Strut ID
9

10
17
19
21
22
29
31
33
34
41
43
47
49
98
99

100
101
102
103
104
105
106
107
108
109

Simulated
data

22.11
22.02
22.17
22.03
21.63
21.51
21.65
21.51
22.92
22.54
23.08
22.70
21.41
21.57

8.63
28.23
33.21
27.98
0.00

32.78
27.91
25.66
32.51
25.10
6.44

27.76

Test data
22.92
22.91
22.96
22.93
22.53
22.52
22.57
22.51
23.87
23.64
24.03
23.80
22.37
22.46

8.41
27.44
33.43
29.80
3.32

33.12
27.29
27.76
32.89
27.23
7.70

27.24
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Table 9 Results of damage case D Table 11 Results of damage case E using mode 3

Strut ID
15
16
23
25
27
28
35
37
39
40
45
46

Test data:
mode 2
19.91
19.91
19.91
19.91
19.91
19.91
19.91
19.91
19.91
19.91
19.91
19.91

Table 10

Test data:
Strut ID

15
16
23
25
27
28
35
37
39
40
45
46

mode 5
8.22
8.60
8.22
8.68
8.03
8.80
8.13
9.08

11.12
10.02
10.21
11.25

Strut ID
98
99

100
101
102
103
104
105
106
107
108
109

Test data:
mode 5
33.25
31.71
31.71
33.25
33.22
31.81
31.80
33.22
31.87
33.19
33.19
31.87

Results of damage case E using mode 2

Euclidean distances

Strut ID
15
16
23
25
27
28
35
37
39
40
45
46

Euclidean distancesa

Analysis data Test data Analysis data
12.18
12.71
12.21
12.94
8.35
8.98
8.24
9.05
8.45
8.93
8.97
8.51

12.42
13.06
12.42
13.25
9.29
9.87
9.16
9.91
9.50
9.93
9.96
9.55

7.47
15.24
7.48

15.42
1.39

14.31
0.00

14.34
9.55
5.05
5.11
9.60

Test data
7.47

15.54
7.46

15.69
3.01

14.98
2.60

15.00
10.48
6.08
6.13

10.53

Euclidean distances Euclidean distances3

aObtained after the damage at strut 99 has been detected.

pact of measurement error. Because the stiffness loss due to buck-
ling is not predictable, analytical modes are not available. Only
test modes are used to detect the damage location. Table 9 shows
the Euclidean distances using modes 2 and 5. It is impossible to lo-
cate the strut that caused the damage as expected.

Tables 10-12 show the damage detection results for case E, the
multiple damage case. Modes 2, 3, and 5 are employed because
they undergo significant changes as indicated in Table 5. Euclid-
ean distances are computed using these modes and shown in col-
umns 2 and 3. Even though strut 35 shows the smallest distance for
modes 2 and 5, the magnitude is too large to draw a conclusion
that strut 35 is the damaged member. The distance corresponding
to strut 99, computed using modes 3 and 5, provides conflicting in-
formation. The distance obtained using mode 3 convincingly indi-
cates that strut 99 is the damaged member whereas the distance ob-
tained using mode 5 implies the opposite. One conclusion that may
be drawn from this seemingly contradicting information is that
there is more than a single damaged strut and that strut 99 is most
likely to be one of them. As mode 3 clearly indicates damage at
strut 99, the damage magnitude is computed for strut 99 using
mode 3 and the element stiffness matrix corresponding to the strut.
The resulting magnitudes are -1.03 and -1.01 for analytical and
test modes, respectively, and they indicate complete damage at
strut 99. The natural frequencies computed reflecting complete
damage at strut 99 still contain large errors even though they have
been improved.

To locate the rest of the damaged members, the undamaged
stiffness matrix in Eq. (9) is modified to reflect the damage at strut
99 using Eq. (30) with k = 99 and ak = -l. The modified stiffness
matrix is then treated as the new undamaged stiffness matrix to
compute the Euclidean distances. The results are shown in the last
two columns of Tables 10-12. Now strut 35 is clearly identified as
the damaged member using modes 2 and 5. The magnitudes of
damage are computed for struts 35 and 99 with simulated, test, and

Strut ID
19
86
87
88
89
90
91
92
93
94
95
96
97
98
99

100
101
102
103
104
105
106
107
108

Analysis data
32.87
20.84
17.97
22.55
19.95
17.96
16.96
17.64
16.96
16.21
19.60
11.27
15.80
16.28
1.23

21.65
16.18
17.87
22.80
10.39
18.09
23.61
19.76
19.55

Test data
32.94
18.84
15.59
20.52
17.96
16.13
15.73
15.46
15.19
14.51
17.51
10.24
14.24
14.72
3.25

19.62
14.69
16.34
20.87
9.84

16.63
21.75
18.16
18.04

Analysis data
1.72
1.33
1.27
1.17
1.13
1.29
1.18
1.24
1.17
1.21
1.23
1.21
1.21
1.20

-
2.91
1.24
1.15
1.19
1.26
1.28
1.18
1.31
1.17

Test data
23.08

8.95
4.99

10.08
9.47
8.17
5.83
4.81
8.31
6.64
5.69
4.66
6.53
4.18

-
28.12

3.92
7.18
7.43
3.85
6.62
7.58
7.63
8.05

aObtained after the damage at strut 99 has been detected.

Table 12 Results of damage case £ using mode 5

Euclidean distances Euclidean distances21

Strut ID
15
16
23
25
27
28
35
37
39
40
45
46
98
99
100
101
102
103
104
105
106
107
108
109

Analysis data
15.61
17.24
15.32
17.51
13.68
17.27
13.03
17.69
22.03
17.57
17.92
22.24
33.13
21.81
29.32
30.83
33.05
28.46
21.76
31.38
28.33
31.64
33.11
22.97

Test data
17.85
19.19
17.63
19.38
16.31
19.13
15.93
19.58
23.64
20.12
20.39
23.79
33.20
20.08
30.36
30.77
33.21
29.28
19.58
31.37
29.02
31.67
33.21
20.84

Analysis data
8.32
11.29
7.88
11.56
3.79
13.07
0.00
13.30
25.99
9.72
9.99
26.13
28.80

-
20.37
32.91
15.28
20.75
21.92
30.35
20.92
30.37
18.15
23.14

Test data
8.53
10.30
8.10
10.56
7.QO
10.79
6.03
11.20
28.02
10.77
11.10
28.09
30.11

-
18.05
32.98
18.94
18.73
20.05
30.15
18.93
30.16
21.39
21.60

aObtained after the damage at strut 99 has been detected.

filtered modes and shown in Table 6. The filtered modes are ob-
tained using element stiffness matrices corresponding to struts 35
and 99. Natural frequencies obtained using the damage at struts 35
and 99 predict the test frequencies accurately. Struts 35 and 99 are
thus confirmed to be the damaged members.

Concluding Remarks
A new damage detection method has been developed based on

the best achievable eigenvector concept that has been used in the
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controls community to design control systems. The best achievable
eigenvector is a projection of a measured mode shape onto the sub-
space that is defined by the undamaged analytical model and mea-
sured natural frequencies. The Euclidean distance between the
measured mode shape and the best achievable eigenvector is then
used to locate the damage. Once the damage is located, the magni-
tude of damage is computed using an efficient least squares solu-
tion. Instead of identifying the mass or stiffness matrix coeffi-
cients, the method directly locates the damaged structural member
thanks to the incorporation of element mass and stiffness matrices.
Thus the extra step of identifying the structural member from the
matrix coefficient changes is eliminated. The exact location and
magnitude of damage can be obtained when simulated test data are
used. As was shown in the eight-bay truss structure, the method
also performs well when experimentally obtained modes are used.
Multiple damage can also be detected using a sequential damage
detection approach.

Because a limited number of noisy measured modes is typically
available for damage location, it is unrealistic to expect that any
damage in the structure will be detected. A predetection analysis is
proposed using modal strain energy (MSE) with a given accuracy
of measured modes. Damage detection of a structural element
whose MSE is below a threshold value is considered infeasible.
The threshold value would depend on the accuracy of modal test
data. The predetection analysis is a process of incorporating the in-
herent limitations of the damage detection approaches that employ
a finite number of noisy measured modes and system identification
methods. However, using this type of specified value of MSE to
establish damage detection feasibility may have a shortcoming. A
likely damage scenario is one in which damage occurs to several
structural members which individually have MSE values less than
the threshold value but whose collective damage causes apprecia-
ble changes in modes. In this case, damage detection will not be
feasible for the members as they are not in the candidate list. When
this happens, it will become necessary to include all the structural
members in the candidate list.

When the measured modes are extremely noisy, the magnitude
of damage may become unrealistic, i.e., exceed the meaningful
bounds of the stiffness reduction factor. The measured modes can
be filtered through the analytical model and the measured fre-
quency. This filtering process eliminates the noise in the measured
modes which is not consistent with the analytical model and thus
unrealistic damage magnitudes can be avoided.

One significant aspect of the eight-bay truss example is that the
mode shapes are available for the entire translational DOFs, which
is very rare in a typical modal test. Thus, the influence of insuffi-
cient mode shapes on the damage detection is not addressed in this
study. Future work should address the impact of not having a full
set of mode shapes on the damage detection and how to select a
given number of test DOFs to provide the best damage detection
capability.
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